Abstract Linear Algebra Extra credit 1 solution Sept. 30, 2019

1. [FIS P58 33]. This problem does not assume that W; and W, are finite-dimensional.
So you should never assume f; = {v1,---, v,} (same for §,). All you have are

span(fi2) = Wi

and B, » are linear independent sets. Also a direct sum W; @ W, means W) n W, = {0}
but not W, n W, = @. Indeed since W; and W, are both subspaces, they both contain
0 vector and their intersection contains at least the zero vector. We now turn to the
proof.

Proof. (a) Because the sum W; @ W5 is a direct sum, by definition, W) n W, = {0}.
Because span(f,2) = Wi, in particular, 1 € Wi » and then we have

B1N P2 € Win W, ={0}.

As bases of vector spaces, f1,2 do not contain zero vector. So f; N 2 = @. To prove
B1 U B is a basis for V, we need to show (1) V c span(f; U B2); (2) f1 U B2 is a linear
independent set.

(1): Forave V=W @ W,, we can find w; € W; and w, € W5 such that v = w; + w-.
Because span(f2) = Wy, we can find {wy, -+, wp} < fr and {w?,---, w2} < B such
that

n m
_ 1 _ 2
wi=) ajw;, wy=) bjws.
i=1 j=1

Therefore, v=Y"  a;w} + Y b; wf € span(BuU Bo).

(2): To show ;U B, is alinear independent set, we need to show any finite selection of
distinct vectors from (; U 3, are linear independent. If the finite selection of vectors
are all from f; or B,, by linear independency of $; and 3,, we are done. We then
assume that the finite selection of vectors contain both vectors from $; and f, say
{wi,--+, wp} <y and {w?, -+, w3} < Bo. And, we need to show

n m
Y aiw;+) bjwfzo
i=1 j=1
has only trivial solution. Rearranging terms yields

n m
Zaiw} :—ijw? =V
i=1 j=1

Because v =Y., a,-w} eW,and v = —Z;."Zl bjw? € W, we have v € Wi n W, = {0}.
Therefore,

n m
Zaiwil:—ijw?:v:O,
i=1 j=1

which implies
alzazz---:anzo, b]_:bz:---:bmzo
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by linear independency of 8, and .

(b) Because /1 U fi is abasis for V, Vv e V, 3{w},--, wl} < fr and {w?, -, w2} < Bo,
st.v=Y" aw +X bjw?. ButY”  a;w} € W; and X bjwi eW,,s0 VW +
W,. Now let v e WynWs,, ve W) = v =YY" a;w; for some {w;,---,w;} < f; and
veW,> U:Z;."zlbjw? forsome{wf,---,w}n}cﬁz. Now

n m
-_ — -_ . 1_ . 2
0O=v V—Zla,wi .Zlbjwf
1= ]:

and by linear independency of ; U 2
aI:aZ:---:an:O, b1:b2:-~-:bm:0.
Hence, v=0and V=W, W,. O

2. [FIS P58 34]. (a) Expand a basis ; of W; to a basis 8; U B2 of V and define W, =
span(f2). Then apply 33 part (b).

(b)W> = span({(0,1)}) and W, = span({(1,1)})



