Asymptotic Analysis Lecture 8 Nov. 17th, 2025

The WKB Method — Turning Points

1 Problem Setup and Turning Points

We consider the singular perturbation problem

ey —q(x)y =0 (4.25)

where ¢ < 1 and ¢(z) is smooth. Recalling from Lecture 7, after setting s = £ and u(s) = y(z), we found

that
u’ —q(es)u =0,

where we noted the coefficient function ¢(es) is slowly varying. The second order ODE behaves mostly like a
constant-coefficient one. Then, we rewrote it as a first order system

(5) = (% D) ()

where we noted the coefficient matrix can be diagonalized as

Yo e = (YY) - (2

given that q(es) # 0. At s; where ¢(es¢) = 0, the coefficient matrix

0 1
0 0
is non-diagonalizable and takes the form of a Jardan block.
Turning point At a point x; where ¢(z;) = 0. We assume a simple turning point ¢(x;) = 0 but ¢/(x;) # 0.

We'll analyze the case ¢'(z¢) > 0, so

e q(z) <0 for x < z; (oscillatory region).
e q(z) > 0 for x > z; (exponential region).

2 QOuter WKB Solutions Away from z;

From previous WKB analysis, the general solutions are

For z > z; (exponential region)

[ ) (i)

( ) 1

T, Tt) = ——=77 | @R €XP
YR ¢ @)/ R
For z < z; (oscillatory region)

yr(z, ;) = W {aL exp <—i [ \/wds) +br exp (2 /: \/stﬂ . (4.28)

We have 4 unknown constants but only 2 degrees of freedom in the true solution. The connection
comes from the turning point analysis.
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3 Transition Layer Analysis at r = z;

3.1 Scaling Determination

Let’s determine the appropriate scaling near the turning point. Introduce

T — Tt
B

T = or x:xt—Fer

where 8 > 0 is to be determined.

Expand ¢(z) near x;

q(zs + °7) = q(zy) + P 2q (1) + O(%P) = P/ (xy) + O(?P)

since q(z)

=0.
Let Y(Z) = y(z) be the solution in the transition layer. Then

dy __pdY Py Y

de  ° dz’ dr2 ° 42

Substitute into equation (4.25)

e? e Py — [Pz (w) + O(E*P))Y =

0

272y — Prg (2)Y + O(e?P)Y = 0.

For dominant balance, the two leading terms must be of the same order

2-26=6 = 3p=2 = p[=-.
3.2 Leading Order Equation in Transition Layer
With g = %, equation (4.31) becomes
62_4/3YH _ 82/3§:q’(xt)Y =0
23y — 2Bz (2,)Y = 0.
Divide by £2/3
Y" — z¢' (z)Y = 0.
Let q; = ¢'(z;) > 0, and make the change of variables
s=(a)"°.
Then ) )
di /1/3d d _ /2/3d
=W T W s
Substitute into (4.33)
N\2/3 Y n\—1/3 /
(q:) ds? () 5 qY =
d’Yy

This is Airy’s equation.

2
3

(4.29)

(4.30)

(4.31)

(4.33)

(4.34)



Asymptotic Analysis Lecture 8 Nov. 17th, 2025

3.3 General Solution in Transition Layer
The general solution of Airy’s equation is
Yo(s) = aAi(s) + bBi(s).

where Ai and Bi are Airy functions.

In terms of
Yo(Z) = aAil(q})"/*z] + bBi[(q})'/*z).

We expect the solution in the transition layer to have the form
Y ~ Yo (Z) + -

where v will be determined by matching.

4 Matching Procedure

4.1 Intermediate Variable and Asymptotics

Introduce the intermediate variable

Ty = x;}xt, with 0 <n < %
Then
T xsg/ft =",
s = (@)°7 = ()P,
Define

r= (g e,

4.2 Asymptotic Expansions of Integrals

For x > x;, we need the asymptotic behavior of
x
/ Va(s)ds
Tt

Using the linear approximation ¢(s) ~ (s — z¢)q;
xit+exy,

| VG~ Vs = wgids

Tt

" 2 2
Vi [ Vi = V() = S
0

Also
g(x) M~ g — )T = (g e A 1A

4.3 Matching for x > z;

(4.35)

(4.32)

(4.36)

(4.37)

(4.38)

From the transition layer solution, using asymptotic expansions of Airy functions for large positive arguments

_243/2 1 2 .3/2

. 1 . 24
Ai(s) ~ W@ 397 Bi(s) ~ ﬁ51/463

as s — +o0
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So

(4.39)

3/2 b 3/2
YNE’Y|: _2,% zr/}

a
2ﬁr1/46 + ﬁr1/463

From the WKB solution (4.27)

1 —-if= s)ds L7 /q(s)ds
yRNW[aRe Fla Valds g e Ja Vil )d]

Using (4.37) and (4.38)
e—n/4

R~ 1/4
(@) /4y

[aR exp <§ss’7/21z2/2\/qj{) + brexp <§€3n/2112/2@>}

Note that
#3/2 — (q2)1/2€37]/2—1x§]/2

SO
5*"]/4 |: 2.3/

7771' 2 2’(’3/2
(q£)1/4x717/4 are 3 + bre? ]

YR ~

But r1/4 = (q£)1/126n/471/61,?17/4, 0

e—1/6
v~ e [one

2

i bReETS/Q} (4.40)

Comparing (4.39) and (4.40), we require

g7 =g 1/6 1

and

Thus
——(g)Y5, br = —=(q))"/" (4.41)

4.4 Matching for x < x;

For x < x4, x,, <0, 80 r < 0. Let |r| = —r.

Using asymptotic expansions of Airy functions for large negative arguments

. 1 . 2 ™ . 1 2 . T
AI(S) ~ W Sin (3|5|3/2 + 4> ; BI(S) ~ W COS (3|5|3/2 + 4> as § - —o0

e (22 e T s (P T
Y ~e {\/7?|7’|1/4 sm<37”| 7 +ﬁ|r‘1/4cos 3|7"| +t7
Using trigonometric identities, this can be rewritten as
e—1/6 , , . . , .
Y ~ 72\f\ 7 {(Ube_“r/4 + be”/‘l)elc + (Ube”/4 + be_”/‘l)e_’c} (4.42)
|r
where ¢ = Z|r[3/2.

From the WKB solution (4.28) for x < x;

1

i0(x)/e —i0(x)/e
yLNw[aLG (x)/ +bre ()/}
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where 6(z) = [ \/]q(s)[ds
Similar to before, we find
2
0(x) ~ §|7"|3/2 =¢

and ”
-4, &
|Q(-T)‘ (q£)1/6|7“|1/4
So
e M/S i —i¢
YL~ O lape’ +bre ™| (4.43)
Comparing (4.42) and (4.43), we get
\1/6 ) ) /\1/6 ) )
ar, = (gt\)/% (ae_”/4 + bem/4)a br = (gt\)ﬁ? (ae™™/* + be_”/4) (4.44, 4.45)

5 Connection Formulas and Final Result

From (4.41), we have
a=2y7(q) %ar, b= n(q) %

Substitute into (4.44)

/\1/6 ) ) ) 1 )
_ (qt) [2\/’7‘(((];)71/6&]{67”‘—/4—%\/E(qg)il/ﬁb]gem/ﬂ :aRefwr/4+§bRez7r/4

or = B
() =G )6 41

Similarly for by. In matrix form
since eF7/4 = %(1 +4) and after normalization.

[SIEFNIT

The final WKB approximation becomes

y(z) ~ W [2ag cos (10(z) — %) + breos (20(x) + )] z<ay (4.48)
W (aRe_k(””)/E + bRek(”)/‘E) T > Tt
where o N
b(z) = / VIa@)ds,  kx) = / VaE)ds
6 Uniform Approximation (Langer, 1931
pPp ger,
A single composite expansion valid through the turning point
1/4
_ X - =
mw~elm(§5) [a0Ai(e=2/% £ (a)) + boBi(e>/* ()] (4.63)
where 23
() (317, VaGsys] >
€r) = . 2/3
- {% L \/—q(s)ds} x < x4

The connection with the WKB constants is

ag bo

w=gsm TR

This completes the detailed derivation of the WKB method for turning points.
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